Abstract-This paper deals with the challenging issue of the unaffordable channel training overhead in the dense cell-free massive multi-input multi-output (MIMO) system when a high number of users are being simultaneously served. By adopting the user-centric cluster method, a dynamic pilot reuse (DPR) scheme is proposed to allow a pair of users to share a single pilot sequence. Specifically, the proposed reuse scheme is achieved with the objective of maximizing the uplink achievable sum-rate subject to users' signal to interference plus noise ratio (SINR) requirements and pilot resources constraints. On this basis, the SINR expression is derived for any user sharing its pilot with another by utilizing both minimum mean squared error (MMSE) detection and channel estimation. A low complexity pilot reuse algorithm is then developed based on the separation distance between users. The iterative grid search (IGS) method is employed to find the threshold that can be utilized in the proposed algorithm to maximize the sum-rate. Finally, simulation results are presented to show the effectiveness of the DPR scheme with the optimized threshold in terms of the uplink achievable sum-rate.
I. INTRODUCTION
Distributed massive multi-input multi-output (DM-MIMO) is an attractive technology to meet the vast growth in the requirements for huge data rates in future wireless communication systems [1] , [2] . A distributed antenna system (DAS) with spatially separated antennas provides a better coverage, power saving and capacity merits than a co-located antenna system (CAS) at the cost of high fronthaul requirements [3] - [5] . Since DM-MIMO combines both DAS and massive MIMO concepts, it will bring all the benefits from these two systems [6] . In DM-MIMO, multiple remote radio heads (RRHs) are spread out over a large area and connected to a central processing unit (CPU) via high speed links, such as optical fibers. All the signal processing operations are performed at the CPU so that the multiple RRHs can cooperatively communicate with the users in order to improve system performance [1] , [2] .
By adopting the time-division duplexing (TDD) mode, DM-MIMO exploits the channel reciprocity property. If the RRHs obtain the channel state information (CSI) through pre-defined orthogonal pilot sequences transmitted by users in the uplink, the CSI will be valid during downlink transmission as well due to the channel reciprocity. In a dense DM-MIMO network, tremendous amount of CSIs are to be measured to perform the centralized signal processing operations [7] . If all users are assigned orthogonal pilots, it will cost unaffordable pilot resources which increase linearly with the number of users.
Thus, some users should be allowed to use the same pilot to reduce the training overhead [8] . A smart pilot reuse scheme should be developed to reduce the channel estimation error.
In this work, the DM-MIMO is considered without cell boundary and so this system can be called a cell-free massive MIMO [6] , [9] . The user-centric cluster method is further adopted here to reduce the computational complexity at the CPU [10] , [11] . In this method, each user selects its own serving cluster from the nearby RRHs since the distant RRHs contribute little to the user signal quality. This method allows users' clusters to overlap with each other. In the literature, some papers [6] , [9] , [12] have been produced on the pilot allocation design or overhead reduction in the cell-free massive MIMO. In [12] , non-orthogonal pilot codes are proposed in which RRHs can be turned on or off to prevent pilot collisions which may reduce system performance. It should be also noticed that the user-centric cluster method has not been included in this work. A downlink pilot scheme was proposed in [9] based on that less channel hardening can be expected in the cell-free massive MIMO compared with that of a co-located massive MIMO. However, this paper did not take into account the effect of pilot reuse. In [6] , both random and greedy pilot assignment were investigated along with the power control. Nonetheless, single antenna RRHs were considered in this work.
Pilot reuse design has been extensively studied in co-located and distributed massive MIMO [13] - [17] . In the proposed reuse schemes, the same pilots are generally assigned to the users with different angles or least channel correlations based on the special characteristics of massive MIMO. Some of these works [13] - [15] adopted cell-based approaches which are not applicable in the cell-free scenario where the notion of cell is no longer valid. Other approaches included the data-aided channel estimation with superimposed training design as in [16] , and the blind channel estimation based on singular value decomposition (SVD) as in [17] . However, such approaches suffered high computational complexity when applied to a dense cell-free massive MIMO with a large network size.
In this paper, a dynamic pilot reuse (DPR) scheme is proposed in the cell-free massive MIMO system to deal with the case when the number of users is larger than the number of available pilot sequences. The proposed reuse scheme is developed to allow the same pilot to be allocated to a pair of users with some practical constraints. Specifically, our main objective is to maximize the achievable sum-rate with a fixed number of pilots. Another constraint is imposed that the signal to interference plus noise ratio (SINR) for each user is no less than a specific threshold where the impacts of pilot contamination are considered. For any pair of users sharing the same pilot, it is a requirement that no common RRHs simultaneously serve the two users. To limit the effect of pilot contamination, it is assumed that a pilot is shared by a pair of users, and the pilot reuse is only employed for the pair of users that are sufficiently separated so they can meet the SINR constraint. The achievable sum-rate for all users is first analysed. An algorithm for pilot allocation is then proposed to find the pairs of users that meet the SINR constraint. The SINR threshold is optimized to maximize the sum-rate. Simulation results verify the effectiveness of the proposed reuse scheme in terms of the uplink achievable sum-rate.
: In this paper, boldface lower and upper case symbols represent vectors and matrices, respectively. (⋅) , (⋅) * and (⋅) denote transpose, conjugate and Hermitian transpose, respectively. {⋅} means the expectation operation andˆis the estimation value of a. I denotes the × dimensional identity matrix, and tr( ) is the trace of . Finally, ℂ × is the set of complex matrices with rows and columns.
II. SYSTEM MODEL
A dense network with RRHs and¯users is considered in this paper as shown in Fig. 1 . Each RRH and each user are equipped with antennas and a single antenna, respectively. Denote the set of RRHs and users as = {1, ..., } and = {1, ...,¯}, respectively. It is supposed that users are admitted in this network and the set of these users is denoted by ⊆¯. In addition, the set of antennas of the ℎ RRH is denoted as ℳ = {1, ..., }. It is also assumed that ≫ , and the users are randomly distributed within the coverage area. Furthermore, RRHs are physically connected to the CPU through high-speed links, where the CPU performs the joint detection of the received signals from multiple RRHs.
TDD mode is adopted in this scenario, which indicates that the CSI is the same for both uplink and downlink transmissions. The channel estimation of the uplink channels is executed in the CPU with the received pilot signals. It is assumed that time-frequency resource units (RUs) are allocated within one transmission frame. Within these RUs, RUs are reserved for pilot sequences in each frame. The remaining ( − ) RUs are dedicated for uplink and downlink data transmission.
Denote the available pilot set as = {1, ..., }, and the corresponding orthogonal pilot sequences as
× , where each v ∈ ℂ ×1 in set is mutually orthogonal with each other, that is = I [2] , [18] . By using the orthogonal pilot assignment scheme, only users are able to send their pilots without interfering with each other [18] . In order to serve more users, a pilot reuse scheme is required. We denote an arbitrary pilot reuse scheme as ( , ) = ( , ) : ∈ , ∈ , where ( , ) denotes that the ℎ user is allocated with the pilot sequence v . The uplink channel response for the ℎ user to the ℎ antenna in the ℎ RRH is given by [14] :
where , represents the large scale fading coefficient between the ℎ user to the ℎ RRH, which consists of both the path loss and the shadow fading. , is assumed to be the same between the ℎ user and all antennas of any RRH. ℎ , , is the small scale fading coefficient between the ℎ user to the ℎ antenna in the ℎ RRH, and it is assumed that each element of ℎ , , is an i.i.d. complex Gaussian variable with zero mean and unit variance. The channel response × 1 vector from the ℎ user to the ℎ RRH is given by [1] 
By assuming a synchronous pilot transmission from all users, the received signal matrix of pilots at the ℎ RRH is
where is the transmit power for pilots. v is the pilot transmitted by the ℎ user, where v ∈ . Also, Z , ∈ ℂ × is complex additive white Gaussian noise with zero mean and unit covariance variables. The CPU has the following observation of the channel from the ℎ user to the ℎ RRH [2] , [7] 
III. SUM-RATE ANALYSIS
In this paper, the scenario that¯is larger than the number of available pilot sequences ( ) is discussed. Therefore, the DPR scheme is proposed to measure the CSIs for more users by permitting a pair of users to share one pilot and different pilots are assigned to different pairs. In this section, given the pairs of users using the same pilot according to the proposed DPR scheme, the achievable sum-rate for data transmission is analysed. Based on the analytical results and the target of maximizing the sum-rate, an algorithm for the dynamic pilot reuse is proposed in the next section.
After reusing the pilots for some user pairs, no pilot reuse is considered for the rest of the users, and unique pilot sequences are allocated to them. As illustrated in Fig. 1 , ( = 8) and (¯= 11) are considered. This means that three pilots (¯− ) are required to be reused in order to serve all the users in Fig. 1 ( =¯) . The users with unique pilot sequences are represented with the black circles, and the pair of users using the same pilot sequence is represented by one of the following shapes: square, triangle and star. As a result, two groups of users will be created: users with unique pilot sequences, and users with reused pilot sequences. In order to obtain the channel estimation for these users, the equation (4) for any user should be expanded as [2] , [7] 
where ℐ is the set that includes the pair of users { , ′ } in the case of pilot reuse where the two users share the same pilot, or ℐ includes only the ℎ user in the case of no reuse. Based on [19] , CPU computes the MMSE estimation of the ℎ user
whereĝ , ∼ (0, Φ , I ) and Φ , is given by
The channel g , can be decomposed as g , =ĝ , +g , , whereg , is the channel estimation error and it is statistically independent ofĝ , due to the orthogonal property of MMSE estimation and the joint Gaussianity of both vectors, the covariance ofg , is (( , − Φ , )I ). During the uplink data transmission, the received data signal vector for the ℎ RRH is
where is the transmit power for data and all users have the same transmit power, z , ∈ ℂ ×1 is complex additive white Gaussian noise with zero mean and unit covariance variables.
is the transmitted data signal from the ℎ user, ∈ . It is assumed that the MMSE detection is applied in the CPU for recovering user data. The detector × 1 vector for the ℎ user at ℎ RRH is given as [19] 
whereĜ is the estimated channel response × matrix from all the users to the ℎ RRH, and the ℎ column ofĜ isĝ , .
In addition, Z = ∑ ∈ (g ,g , ) is the covariance matrix of the channel estimation errors for the ℎ RRH.
The user-centric cluster method is adopted here to reduce the computational cost for dense cell-free massive MIMO. This means that users are only served by a cluster of the nearest RRHs since distant RRHs contribute little to the user's signal quality due to the severe path loss. The notation is used to represent the group of RRHs serving the ℎ user. For a pair of users sharing the same pilot, the clusters of RRHs serving these two users should not overlap. In other words, the users served by at least one common RRH should be allocated with difference pilots. This is essential to enable the CPU to differentiate the CSIs for the users sharing a single pilot. Based on (9), the CSIs from all users to the ℎ RRH are needed. However, for users with pilot reuse, the instantaneous CSIs that can be provided are only from a user to its serving cluster of RRHs. For the CSI from the user to the RRHs outside its cluster, only the large-scale fading (path loss and shadowing) can be tracked. The assumption of the availability of the largescale fading is valid because of the slow rate at which this parameter varies compared with the small-scale fading, thus it can be obtained at a much lower cost.
The MMSE detection is then applied in the CPU. The estimated data symbol for the ℎ user is represented bŷ
The ergodic achievable sum-rate can be written as
The SINR for the ℎ user, whose pilot is reused with the ′ ℎ user, is given in (12) . For a user with unique pilot, the SINR can still be obtained from (12) but the second term of the pilot contamination in the denominator of (12) should be neglected. In order to simplify the SINR in (12) , the deterministic equivalent analysis from [19] is employed here. The results in [19] are asymptotic since the SINR formulas were derived by considering the number of antennas increases considerably. However, simulation results in [19] demonstrate that even for a small number of antennas the fit between simulation and approximation is acceptable. According to [19, Theorem 5] , the SINR for MMSE detector is given in [19, equation (25) ]. This formula is modified to match the cell-free massive MIMO scenario of this paper as shown in (13) and (14), for a user without pilot reuse and a user with pilot reuse, respectively. The elements of the channel vector from the ℎ user to the antennas of the BS in [19] are replaced by the channel vector from the a user to all the antennas of the serving set of RRHs ( ). In the denominator of both (13) and (14), the first term represents the power of noise, the second term is the sum interference power from other users and the third or the last term in (14) is the pilot contamination. The parameters of , ⟨ , ⟩ , and T ′ can be calculated by using [19, Theorem 1 and Theorem 2]. These parameters depend on Z , which is defined in (9) , and can also 
In this paper, the DPR scheme is developed to allocate the pilots with the objective of maximizing the achievable uplink sum-rate in (11) under some practical constraints and by employing the user-centric cluster method. Hence, this problem can be formulated as
. .
It can be seen from (15) that the reuse of the pilots between pairs of users is considered. For any pair of users { , ′ }, the following constraints are provided: First, the constraint (15b) means that each user in a pair with the same pilot should satisfy a SINR threshold ( ℎ ). This threshold will be optimized as shown later to satisfy the objective in (15a). No SINR constraint is considered for the users with unique pilots. Secondly, constraint (15c) represents the fact that only pilots are available. Furthermore, the number of times of pilot reuse is denoted as , where is upper bounded by min( , ), and
Finally, (15d) indicates that the two RRHs clusters and ′ which are based on the user-centric cluster method must not be overlapped, as explained earlier.
IV. ALGORITHM FOR DYNAMIC PILOT REUSE
The optimal solution of the problem in (15a) can be obtained by the exhaustive search method, in which it is required to test all possible pilot allocation schemes and choose the one that achieves the aim of maximizing the sum-rate. However, the exhaustive search method may be at the cost of high complexity, especially in the case of a high number of users and RHHs. Therefore, a low complexity algorithm for pilot allocation is presented in this section. This algorithm will be referred by the dynamic pilot reuse (DPR) algorithm in the rest of this paper. In the DPR algorithm, two users separated by a large distance can share the same pilot to ensure a marginal channel estimation error. The reuse is only allowed when the potential SINRs for the two users sharing the same pilot are still higher than the SINR threshold ℎ . The SINRs of these users can be calculated based on (14) , which includes the effect of pilot contamination. Additionally, (14) depends on the users' large scale fading coefficients , . This means that it is required in the DPR algorithm to have the large-scale channel gains, which change very slowly and can be accurately obtained. This enables the DPR algorithm to know the potential SINRs for users irrespective of the actual channel realization.
The explanation of the DPR algorithm can be described as follows: A search is effected for the possible configurations of user pairs with non-overlaping serving set of RRHs as in ( (14) and compared with ℎ . If both of them are larger than or equal to ℎ , one pilot will be allocated for the two users. After that, the other user pairs in that include any of the two users or ′ will be omitted from where this will reduce the search field. Later, a new pair in of users in is selected and tested. The above procedures to reuse pilots will be repeated a number of times equal to or when all the pairs of users are tested ( = ). When the number of reused pilots equals or when all pairs of users are tested, reusing pilots will be terminated. It is necessary here to allocate the remaining pilots, if there is, randomly to the rest of the users. If all pairs satisfy the SINR constraint and in the end some pilots are still available, the pairs with lowest average SINR will be separated and a unique pilot will be allocated to each user in these pairs.
The value of ℎ utilized in the DPR algorithm is calculated by considering the iterative grid search (IGS) method [14] to find the threshold that provides the objective of maximum sumrate in (15a). In IGS method, it is first required to measure the minimum and maximum values of ℎ , i.e. and , respectively. In the extreme case when ℎ ≤ , any pair of users can meet the SINR constraint in (15b) whatever the separation distance between them. In this case, maximum number of users can be served, but high pilot contamination is expected. On the other hand, when ℎ ≥ , no pair is able to meet the SINR constraint. This case indicates that no reuse can be applied and the number of users that can be served is the same as the number of pilots ( ) with no pilot contamination. The near-optimal threshold should be located between [ and ] and can be found by sampling the interval [ and ] by ℕ points with uniform suninterval
. At each point, the sum-rate is calculated, and the threshold that provides the maximum sumrate value will be considered as (1) . These procedures will be repeated by supposing that the new threshold interval is,
. These steps will be applied times, and the final near-optimal threshold will be ℎ = ( ) .
The number of times of reuse at ℎ is considered as . The computational complexity of the DPR algorithm is investigated in this part. The maximum number of the possible combinations of user pairs that satisfy (15d) is = ∑ −1
=1
. Therefore, the highest complexity for the DPR algorithm is achieved when it is required to search over all the combinations of user pairs to find the pairs that can meet the pilot reuse condition based on a specific threshold ℎ . By including the pairs classification and the search over user pairs, the complexity of the DPR algorithm is (2 ) in the case of using a fixed SINR threshold ( ℎ ). Using the IGS method to find ℎ that provides the maximum sum-rate requires additional iterations equal to (ℕ ). As a result, the upper bound of the total complexity when the optimized threshold is used will be ((ℕ + 2) ).
V. SIMULATION RESULTS
The uplink performance of the proposed pilot reuse scheme is evaluated in this section. The dense cell-free massive MIMO system is assumed to be deployed in a square area of 4 Km ×4 Km. Both users and RRHs are randomly and uniformly placed in the this area. The large scale fading coefficient , can be calculated as , = , /( , / ) , where , is the shadow fading and it obeys a log-normal distribution, which is represented by, 10 log 10 ( , ) ∼ (0, ℎ ), and , is the distance between the ℎ user to the ℎ RRH [8] . Unless otherwise specified, each user is served by its nearest two RRHs based on the user-centric cluster method, which indicates that | | = 2, ∀ . The other simulation parameters are set as follows:
= 19, = 64, = 20, normalized radius = 100m, decay exponent = 3, ℎ = 8 dB, transmit power for pilots and data = = 40 dBm and the IGS parameters are ℕ = 10 and = 2. The performance of the DPR scheme with the optimized threshold is compared with the following schemes: 1) Orthogonal pilot allocation: A unique orthogonal pilot is allocated for each user in this scheme. Thus, the number of admitted users is equal to the number of pilots ( ). 2) Random pilot reuse: In this scheme, user pairs are selected randomly to allocate the same pilot for them without taking into account any SINR constraint.
3) DPR scheme with no threshold: This scheme adopts the DPR algorithm as well but allocating the pilots to user pairs is performed based only on the separation distance between the two users in each pair. Therefore, the SINR constraint will not be taken into account in this case too. 4) DPR scheme with a fixed threshold: The DPR algorithm is utilized here with a fixed SINR threshold which means that the IGS method is not adopted in this case. To guarantee the fairness, the number of times of pilot reuse in the DPR scheme with both no threshold and a fixed threshold and the random pilot reuse scheme is supposed to be the same as in the DPR scheme with the optimized threshold.
In Fig. 2 , the uplink achievable sum-rate is plotted versus the number of available pilots with¯= 32. As expected, the orthogonal pilot allocation scheme has the worst performance since no users are allowed to reuse the pilots. On the other hand, the performance of the DPR scheme with the optimized threshold outperforms the random pilot reuse scheme, the DPR scheme with fixed SINR thresholds (5 dB and 10 dB) and no threshold cases. The random selection of user pairs to reuse their pilots in the random pilot reuse scheme may lead to a severe pilot contamination in pairs with low separation distances. Furthermore, a fixed threshold is generally less effective than the optimized one in the DPR scheme although all users guarantee their SINR requirements through the fixed threshold. The sum-rate performance at the threshold of 5 dB is better than the 10 dB as more users can be admitted in the case of 5 dB compared with the 10 dB as shown in Fig.  3 . Using the IGS method to continuously find the threshold that provides the maximum sum-rate gives the superiority to the DPR scheme when this threshold is adopted. However, additional computational complexity is needed due to the use of the IGS method compared with the fixed threshold. of admitted users for all cases increases with increasing the number of available pilots. However, the orthogonal pilot allocation scheme can serve the lowest number of users since no users are allowed to reuse the pilots. For the fixed threshold DPR scheme, the number of admitted users increases when the threshold decreases as more users can satisfy the SINR constraint. For the optimized threshold DPR scheme, the number of admitted users depends on the threshold itself, where the aim here is to obtain the maximum sum-rate which does not guarantee a maximum number of admitted users. Finally, Fig. 4 plots the uplink sum-rate for the DPR scheme with the optimized threshold versus with¯= 32, and for various sizes of serving cluster of the user-centric method (| | = 1, 2, 3 and 4). The rate performance generally improves as | | increases, where more of the nearest RRHs serve the users. Thus, more uplink signals for these users will be coherently detected by the CPU. However, when | | is highly increased, such as when | | = 3 or 4, the two sets of of a pair of users that share a single pilot will be closer to each other. Hence, higher pilot contamination could be received by RRHs located close to the second user using the same pilot. This will negatively affect the rate performance.
VI. CONCLUSION
In this paper, the DPR scheme in a TDD cell-free massive MIMO system was proposed with the objective of maximizing the sum-rate subject to some practical constraints. Firstly, an expression for SINR was derived for any pair of users sharing the same pilots. An algorithm with low complexity was then proposed based on the separation distance between users. Simulation results showed that the proposed scheme with the optimized threshold can achieve a better sum-rate performance compared with other pilot reuse schemes.
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